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Output Feedback Two-Time Scale 
Control of Multilink Flexible Arms 
Lightweight flexible arms will most likely constitute the next generation robots. The 
design key is the adoption of flexible links, rather than rigid links like in today's 
industrial robots. Despite all the potential advantages achievable with a flexible arm, 
the control problem is complex, due to the introduction of increasingly more complex 
dynamics. This paper represents an effort toward the goal of designing efficient 
control systems for multilink flexible arms. A two-time scale approach is pursued 
which allows the adoption of a composite control strategy. First a slow control can 
be designed for the slow (rigid) sybsystem, then a fast stabilizing control for the 
fast (flexible) subsystem. The main contribution of the paper is to address the 
problem of lack of full state measurements concerned with the fast control design. 
An output feedback dynamic compensator of fixed order is designed. Its optimal 
gains are computed according to a loop transfer recovery technique in order to 
obtain a robust design. The control is tested by means of simulation results for a 
nonlinear model of a two-link flexible arm. 

Introduction 
Lightweight flexible arms have lately been receiving the at­

tention of an increasing number of researchers.. Potentially, 
they may improve on the performance of conventional massive 
rigid industrial manipulators (Book, 1985). The main problem 
for modeling and controlling a flexible arm is induced by the 
structural flexibility (Cetinkunt and Book, 1990). 

Several approaches have been proposed in the literature for 
modeling lightweight arms. One common denominator is the 
adoption of the Lagrangian technique which yields closed-form 
expressions of all dynamic terms. As for the inherently dis­
tributed nature of the flexible system, finite-dimensional models 
are needed which approximate the exact infinite-dimensional 
models. The recursive formulation proposed by Book (1984), 
suitably combined with the assumed-modes method (Meirov-
itch, 1967), leads to a number of generalized coordinates to 
handle for control purposes. Nevertheless, other methods have 
been studied, including finite elements (Sunada and Du-
bowsky, 1983; Usoro et al; 1986), polynomial expansions (To-
mei and Tornambe, 1988), Hamiltonian principle (Everett, 
1989; Serna and Bayo, 1989), with different implications on 
control design complexity. 

On the other hand, it was stressed by Book et al. (1985) that 
the control problem for a flexible arm may be solved by com­
bination of the following approaches: 

9 Design material and shapes such that high stiffness/mass 
ratio is achieved. 

• Passive damping treatment of flexible elements to help 
damping out the vibrations. 

• Active feedback control of flexible vibrations. 
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8 Trajectory planning algorithms to constrain excitement 
of the flexible modes. 

Research to understand the advantages and limitations of­
fered by the above complimentary efforts is a crucial com­
ponent of making lighter robot arms desirable in practical 
manipulation tasks. 

A variety of contributions aimed at designing control systems 
performing active feedback control of flexible vibrations have 
been proposed, employing linear control (Cannon and Schmitz, 
1984; Fukuda, 1985; Hastings and Book, 1985; Sakawa et al., 
1985; Chalhoub and Ulsoy, 1987; Oakley and Cannon, 1988), 
frequency domain techniques (Book and Majette 1985; Chait 
et al., 1988; Bayo et al., 1989; Yurkovich et al., 1989), adaptive 
control (Meldrum and Balas, 1985; Yuan et al., 1989), robust 
control (Korolov and Chen, 1989; Yuan and Book, 1987), 
transfer function approaches (Wang and Vidyasagar, 1989), 
inverse dynamics techniques (Asada et al., 1987; Bayo, et al., 
1988), nonlinear decoupling controllers (Singh and Schy, 1986; 
Chedmail et al., 1987; De Luca 1989; De Luca and Siciliano, 
1989; Pfeiffer, 1989), pseudolinearization methods (Nicosia et 
al., 1989). One limitation of most studies is that the flexible 
one-link case is investigated. This is much too simple a case 
to capture the coupling effects between rigid body and flexible 
body dynamics. 

The approach pursued here is based on a two-time scale 
model of the flexible arm, as derived by Siciliano and Book 
(1988). A similar approach was later proposed by Khorrami 
and Ozgiiner (1988). This allows the definition of a slow sub­
system corresponding to the rigid body motion, and a fast 
subsystem describing the flexible motion. A composite control 
strategy (Kokotovic, 1984) is then applied. First a slow control 
is designed for the slow subsystem as it would be done for an 
equivalent rigid arm, then a fast control stabilizes the fast 
subsystem. 
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The main contribution of this work is to address the problem 
of the lack of full state availability, as the rates of the flexible 
variables cannot be directly measured. Previous work can be 
found in (Siciliano et al., 1989) for the simple case of a one-
link flexible arm. Later, Calise et al., (1990) have considered 
a more general problem wherein the measurements are a mix­
ture of slow and fast variables; this is the case when the rigid 
and first flexible mode of the one-link arm are treated together 
as part of the slow subsystem. The present paper extends the 
approach in (Siciliano et al., 1989) to the case of multilink 
arms and is based on the preliminary results in (Siciliano et 
al., 1991): A fixed order dynamic compensator for the fast 
subsystem is designed as in (Kramer and Calise, 1988) and a 
convergent numerical algorithm for calculating linear-quad­
ratic optimal output feedback gains (Moerder and Calise, 1985) 
is used. Also, a loop transfer recovery formulation (Calise and 
Prasad, 1989) is shown to lead to a straightforward design 
procedure, with excellent robustness properties. An example 
is finally worked out for a two-link flexible arm, where the 
importance of nonlinear coupling terms is greatly magnified. 
Simulation results are presented which validate the theoretical 
conclusions. 

2 Two-Time Scale Model of Multilink Flexible Arms 
The Lagrangian-assumed modes method established by Book 

(1984) constitutes an effective means for deriving a dynamic 
model for a multi-degree-of-freedom flexible arm. In synthesis, 
once the kinematic description of the structure is set up, the 
process of obtaining the equations of motion is as follows: 

9 Pick the generalized coordinates to obtain a finite-di­
mensional model; the natural choice is the joint variables 
and the modal coordinates for every flexible member. 

9 Form the kinetic energy, the potential energy, and the 
virtual work expressions for the system. 

9 Take the necessary derivatives of the Lagrange equations 
and assemble the resulting equations. 

The algebraic complexity of the intermediate steps which lead 
to the final model, according to the above procedure, repre­
sents the major drawback of the method. To this purpose, 
symbolic manipulation programs are an effective computa­
tional tool for modeling systems of large order, and for check­
ing and manipulating the elements of the dynamic equations 
in explicit form. A method to symbolically derive the full 
nonlinear dynamic equations of motion for multilink flexible 
manipulators was proposed by Cetinkunt and Book (1989). 

As a result of the above method, the equations of motion 
for an «-link flexible arm can be written in the closed-form 

M(q,d) 
f i(q,q) 

f2(q.q). 

g^q.q.d.d)" 

g2(q,q,d,d) 
+ 

" 0 

Kd 

u 

0 

(1) 
where q = (#1 ... #„) ris the vector of joint variable, M is the 
inertia matrix, f x and f2 are the vectors containing gravitational, 
Coriolis, and centrifugal terms, g! and g2 are the vectors ac­
counting for the interaction of joint variables and their rates 
with deflection variables and their rates, K = diag (kn 

kij„v . . . , knmi, . . . , &„,m ) is the positive diagonal matrix 
of the constant flexural stiffness coefficients, u = (ui ... un)

T 

is the vector of input torques applied at the n joints. Two null 
vectors of appropriate dimensions appear in (1). As for the 
vector of deflection variables d = (du ... diinl[ </„iOT ... 
dn.m )T, this is obtained as the result of an assumed modes 
expansion for each link—under the assumption of small de­
flections—truncated at mh i = 1, . . . , n (Meirovitch, 1967). 
Further, it has implicitly been assumed that each link is clamped 
at the corresponding joint so that there will be no modal dis­
placements at joint locations and then zero input torques. This 
point will be further discussed in the case study. 

Since the inertia matrix M is symmetric and positive-definite, 
it can be inverted and denoted by H, which can be partitioned 
as follows: 

H 
H, 

(2) 
H l l |nxn] " 1 2 [nxm ] 

_H21 

[m x n] H22 \m xm ] 

where m' = mx + . . . + m„ is the total number of modes. 
Equations (1) then become—dropping the dependences for 
notation compactness— 

q = - H n ^ - H ^ - H n g i - H ^ - H n K d + Hnii, (3a) 

d = - H21f! - H22f2 - H21g, - H22g2 - H22Kd + H21u. (3b) 
The system (3) is characterized by having n + m' generalized 
coordinates but only n control inputs. This poses serious draw­
backs for control design purposes, compared to the case of 
rigid arms. 

A viable strategy is represented by a singular perturbation 
approach (Siciliano and Book, 1988), according to which a 
two-time scale description of the system is obtained. Specifi­
cally, the smallest stiffness constant of K in (1), say klu can 
be regarded as the inverse of a perturbation parameter, i.e., 
Ii = l/ku- For a given manipulator geometry, the limit /x—0 
corresponds to the case of an equivalent rigid manipulator. It 
should be stressed that the approach is a candidate to work 
only if JX is actually small (typically /z « 1); this will be the 
case of the example discussed in Section 4. In general, however, 
the entries of K depend on the types of expansion functions 
used when generating the mathematical model and then the 
two-time scale approach is effective only when the above con­
dition is satisfied. It is worth mentioning from a practical 
standpoint that it may not always be possible to separate rigid 
body dynamics from flexible dynamics. This depends on the 
location of the first flexible mode, and the bandwidth required 
in the slow subsystem design. 

At this point, factoring K a s K = (l//i)K and defining the 
new variables (elastic forces) 

z : = - K d (4) 

yields the equations of the system in two-time scale form 

q = - H n ^ - H ^ - H n g ^ H n g j - H n Z + Hnii, (5a) 

ixi = - H2'if 1 - H2'2f2 - H^g! - H2'2g2 - H2'2z + H21u (5b) 

where the superscript " ' " in (5b) indicates that the corre­
sponding quantities have been premultiplied by K. 

At this point, the typical steps of a singular perturbation 
formulation can be taken (Kokotovic, 1984). Because of the 
presence of fi, the system described by Eqs. (5) exhibits a 
boundary layer phenomenon in the fast variables z. Formally 
setting ix = 0 accomplishes a model order reduction from 
n + m' to n. It can be shown (Siciliano and Book, 1988) that 
%\(ix = 0) = 0 and g2(/i = 0) = 0. Also, the H21 and H22 

dependance on z vanishes when \x is set to 0. The differential 
equations (5b) degenerate into the algebraic transcendental 
equations 

0 = — H 2 , J1. . ? — H2'2.sf2.1 — H T V A S + H ^ l . s M . s 2 2 , i ' 2 , j _ »22,s/s " (6) 

where the subscript "s" indicates that the corresponding quan­
tities are computed in the slow time scale, i.e., for /* = 0. Since 
H2'2,s is positive definite, it is possible to solve Eqs. (6) for zs 

as 

z s = H 2 2 | i ( - H21 ,jf 1 ,s + H 2 1 :Sus) — f 2 ] J . (7) 

Using this solution in (5a) formally yields the slow subsystem 

qJ = (H l l , s-H1 2 ,H2 '2-1H2 ' , , J)(-fu + us). (8) 

It can easily be checked that 

H i i , s —Hi2,iH22,i H2 'i = Mf (9) 
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where Mn , s is the (n X ri) positive definite matrix appearing in 
the model of the equivalent rigid arm. 

To derive the fast (boundary-layer) subsystem, the slow 
variables are treated as constants. Defining the fast variables 
zy = z - Zj, and the fast control uy = u - us, the fast subsystem 
of (56) becomes 

dlz '•/__ 
dTl 

-H2'2^z/+H2 'MUr (10) 

where T = t/^fix is the fast time scale. 

3 Design of a Composite Controller With Fast Output 
Feedback 

On the basis of the above two-time scale model, the design 
of a feedback controller for the system (5) can be performed 
according to a composite strategy (Kokotovic 1984); namely, 

u = uJ(q,q) + u / \zf, 
dz 

dr 
(11) 

with the constraint that U/(0,0) = 0, so that U/is inactive along 
the trajectories specified by (7). 

The slow control for the slow subsystem (8) can be designed 
according to the well-known computed-torque concept used 
for rigid manipulators, 

u, = Mi,,sv+...M11,Jv + f1]J (12) 

where M| l iS and f 1]iS denote the available estimates of MU:S and 
f,iS, respectively, and v is a new control input. This can be 
chosen as 

v = qd + KDe +KPe (13a) 

where qd is the desired joint trajectory, e = qd - q, and KP, 
KD are suitable positive diagonal matrices which, under the 
assumption of perfect compensation (Mn,i = M U j , iliS = f^j) 
shape the response of the linear stable system 

e + K f l e+K P e = 0. (136) 

At this point, it is required that the fast subsystem (10) be 
uniformly stable along the trajectories zs given by (7). To this 
purpose, let a state space representation of (10) be 

(14a) 

M2m x 2m ]-

X=y4x + BU/ 

O I 
B [ 2 m ' x « ] -

o 
_H21,j_ 

(14b) 

where xT = [zj(dz/dT)T], and zero block matrices of appro­
priate dimensions appear. The system described by equations 
(14) is a linear system with m' couples of poles on the imaginary 
axis in the s-plane. Since the pair (A,B) can be shown to be 
completely controllable, a fast state feedback control of the 
type 

KPfZf+K " / = *pf*f •Df 
dzf 

(15) 

can be devised to arbitrarily place the poles of the system (14). 
Under the control (11), with us as in (12) and u/ as in (15), 

the goal of tracking the desired joint trajectory together with 
stabilizing the deflections around the equilibrium trajectory, 
naturally established by the rigid system under the slow control, 
is achieved by an order of V/I approximation. A rigorous 
robustness analysis relative to the magnitude of the pertur­
bation parameter and/or to practically imperfect model com­
pensation would be in order. For instance, when the 
perturbation parameter is not small enough, the use of integral 
manifolds to obtain a more accurate slow subsystem that ac­
counts for the effects of flexibility up to a certain order of 
VM (Siciliano et al., 1986) represents a possible strategy to 
make the composite control perform satisfactorily. 

On the other hand, it should be recalled that even in the 

case of perfect compensation, the model is an approximate 
finite-dimensional model of an inherently distributed param­
eter system; from the control viewpoint, it is advisable to 
include as many modes as necessary to accurately describe the 
flexible dynamics of the system but to exclude those modes 
whose natural frequencies fall outside the bandwidth of the 
actuators. 

Simple inspection of the fast controller in (15) reveals that 
full state availability is required for its practical implemen­
tation. Hastings and Book (1985) showed that the deflection 
variables d can be accurately reconstructed from strain gage 
measurements, whereas their rates d cannot. In order to over­
come this drawback, in the following an output feedback con­
troller for the fast subsystem (14) is developed. 

It is well known that LQR synthesis methods have guar­
anteed stability margins. Unfortunately, this property holds 
only in the case of full state feedback. Observer based com­
pensator design techniques exist to estimate the unavailable 
plant states, and make the LQR design feasible. However, this 
combination of state estimation and regulation may result in 
a compenastor design with poor stability margins, even though 
the separate designs are robust. It was shown by Doyle and 
Stein (1981) that the loop transfer properties of an LQR design 
can be recovered in an observer based compensator design 
when the plant is square and non-minimum phase. However, 
the order of the resulting compensator when designed for large 
order systems may prove unwarranted. 

Optimal output design of fixed-order compensators, intro­
duced in the early seventies by Johnson and Athans (1970) has 
received limited attention due to numerous difficulties asso­
ciated with the design approach. Part of the difficulty lies in 
the fact that the compensator representation initially proposed 
was overparameterized. This invariably leads to convergence 
problems when computing an optimal solution. The other ma­
jor objections are that there are no guarantees on stability 
margins, and there are few guidelines for selecting the distri­
bution of initial conditions, and for penalizing the plant states 
to improve either performance or robustness. 

More recently, Kramer and Calise (1988) showed two can­
onical forms for the compensator representation which provide 
a minimal parameterization. These representations exclude the 
use of direct feedthrough of the output, since direct feedback 
is undesirable both from the point of view of sensor noise 
reduction and robustness. Also, a loop transfer recovery pro­
cedure for fixed-order compensators was proposed by Calise 
and Prasad (1989) which uniquely defines the state and com­
pensator weighting matrix, and the initial state distribution 
matrix. Below we adopt this formulation for the design of the 
output fast feedback controller. 

The output equation for the fast subsystem (14) can be simply 
expressed as 

y = Cx 

J\m x 2m ] : :[I O] 

(16a) 

(166) 

where the identity matrix I and the null matrix O account for 
the fact the variables zf are available while their rates dzr/dr Lf ' • ! ' • 

are not. In other words, we assume that a number of m' strain 
gages are available which allow the measurements of m' link 
deflections d corresponding to the m' fast variables zf. We point 
out here that y is dependent only on fast states, whereas in the 
more general case it would depend on both slow and fast states 
(Calise et al., 1990). 

A compensator of fixed order/?, without direct feedthrough 
of the output, can be formulated in observer canonical form 
as 

- H ° w 

w = P°w + u/, 

up = PM,u /-Ny 

(17a) 

(176) 

(17c) 
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where 

and 

H£ x p ] = block diag[(0,...,0,l)Kxl], / = ! , . . . , n] (18) 

P,° x p ,= block diag[P,° P°] 

' 0 0 ... 0 0 

1 0 ... 0 0 

0 1 ... 0 0 •i.VjXlj]-

0 0 1 0 

(19a) 

(19ft) 

with the observability indices /,- satisfying the following con­
ditions: E-'=, /,- = p, and /,• < /,-+,, i = 1, . . . ,n. In (17c), N 
and Pw are, respectively, a.(pxm') matrix and a (px ri) matrix 
of free parameters. 

Defining xT = (xTv/T), yT = ( y r - u / ) , and u = u„, the 
dynamic compensator design can be expressed in terms of a 
standard output feedback problem for the augmented system 

Ar, [(2m +p)x(2m +p)]~ 

[(m + n)x(2m +p)} ~ 

X = AX + Bu 

y = Cx 

u 

"A 

0 

c 
o 

= - G y 

- B H ° 
po 

O 

H° 
< 

B[(2m 

J[px(m 

+p)* 

+ «)] 

< / > ] -

= [N 

( 20a) 

(20ft) 

(20c) 

O 

I 

(20d) 

P J 

(20e) 

where the number of free parameters is minimized and no zero 
elements in G appear. 

The output feedback problem is then optimized according 
to the following augmented quadratic performance index 

J=E*o \ (xrQx + ur] R&)dt (21) 

where Q > O and R > O, and the expectation is taken over some 
initial distribution on x0. 

The necessary conditions for optimality require the solution 
of the triple (G,S,L) satisfying: 

Ac
rS + SAC + Q + C rG rRGC = O (22a) 

ACL + LAc
r + X0 = O (22ft) 

R G C L C r - B r S L C r = 0 (22c) 

for a stable closed-loop system matrix 

AC = A - B G C . (23) 

In (22ft), X0 = E [SoX ]̂ is the variance matrix associated with 
the distribution assumed for the initial conditions. The con­
vergent algorithm proposed by Moerder and Calise (1985) can 
be employed for solving (22a-22c). We remark that the earlier 
assumption of having m' strain gages below Eq. (16ft) can be 
relaxed as long as there exists a G that stabilizes Ac in Eq. 
(23). 

Full state feedback design is often used as a first step in 
designing an output feedback controller. If the fixed order 
compensator is designed to approximate the loop transfer 
properties of the full state design, then the closed-loop system 
should contain a set of eigenvalues and eigenvectors that ap­
proximate those of the full state design. The return vector in 
the case of full state design is -K*x, where K* is the optimal 
gain matrix specified as in (15), i.e. K* = [KPfKDf]. Referring 
to (17a), the return vector in the case of fixed-order compen­
sator design is - H ° w . Thus, as in (Calise and Prasad, 1989), 

MULTI-LINK 
FLEXIBLE ARM 

q , q 

LINEAR 
FAST CONTROL 

NONLINEAR 

SLOW CONTROL I H . I H . I . 

Fig. 1 Block diagram of two-time scale controller implementation 

the objective in designing the compensator should be to min­
imize. 

y i = K * x - H ° w (24) 

for a suitably chosen input and for zero initial conditions. This 
naturally leads to selecting the following index of performance: 

/ = £ * , (yfo + uMOdf) (25) 

Substituting for y{ from (24) and rewriting (25) in the form of 
(21) leads to the following expressions for the weighting mat-

Q = 
- H ° K * 

-K*H C 

JJOTJJO R = pl. (26) 

Selecting the input waveforms as impulses with magnitudes 
uniformly distributed on the unit sphere results in the following 
expression for X0: 

X„ 
BB r O 

O O 
(27) 

Equations (26) and (27) uniquely define the structure of the 
weighting matrices needed for the fixed-order compensator 
design. Notice that, unlike the design of a full-order observer, 
the design of a fixed-order compensator depends on the gain 
matrix from the full state design. Moreover, this gain matrix 
is not implemented as a part of the final controller. 

The overall two-time scale controller is to be implemented 
according to the block diagram of Fig. 1. In practice, a digital 
implementation of the analog controller derived here could be 
performed with different sampling rates appropriate for their 
respective time scales. 

4 A Case Study 

A numerical case study is developed to illustrate the effec­
tiveness of the design procedure outlined in the previous sec­
tion. We have chosen a planar two-link flexible arm with two 
assumed modes for each link. A sketch of the arm with kin­
ematic frame assignments is shown in Fig. 2. The physical 
parameters of the arm with uniform mass link density are: 

® link lenghts: 1 m 
9 link masses: 1 m 
• 2nd-link center of mass: 0.5 m 
9 2nd-joint hub mass: 0.2 kg 
• payload mass: 0.1 kg 
9 link inertias: 0.066 kg m2 

9 hub inertias: 0.1 kg m2 

9 payload inertia: 0.0005 kg m2 

9 link flexural rigidities: 1 N m2 

It is worth noticing that the choice of the noninertial body-
fixed rotating frames Xh Y, as in Fig. 2 allows the adoption 
of clamped boundary conditions which in turn imply zero 
slopes for the deflections at the joints. However, using clamped 
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Fig. 2 The planar two-link flexible arm 

0.0 
length [ri] 

Fig. 3 Spatial eigenfunctions for the first link 

modes as expansion functions is an approximation; the angles 
&i and 02 are n ° t the true joint angles, but the sum of the joint 
angles and the slope of the elastic motion at the joints. There­
fore, the clamped modes are just trial eigenfunctions and do 
not represent the physical modes. 

Alternatively, pinned boundary conditions can be considered 
for the colocated end of each link; the work of (Barbieri and 
Ozgiiner, 1988) indicated that the real behavior of the flexible 
slewing link is in between the two approaches, depending on 
the hub to beam inertia ratio. Nonetheless, it has recently been 
shown (Bellezza et al., 1990) that a different choice of the 
rotating frame—relative to pinned boundary conditions, for 
instance—leads to a dynamic model that is equivalent to the 
previous one and a proper change of coordinates exists which 
permits passing from one model to the other. 

On the other hand, the mass boundary conditions for the 
non-colocated end of the inner link are difficult to satisfy since 
the tip mass and inertia vary with the motion of the outer link 

KP /= 

K Df 

and some approximations are needed. The reader is referred 
to (De Luca and Siciliano, 1990a, 1990b) where all the details 
of the model derivation and the complete model are included. 

The resulting spatial eigenfunctions,obtained with clamped-
mass boundary conditions, are displayed in Figs. 3 and 4. 

The perturbation parameter in (4) is n = 0.0503 justifying 

0.0 
length O] 

Fig. 4 Spatial eigenfunctions for the second link 

the two-time scale separation. A composite control is designed 
first, which is composed of a slow control as in (12, 13) and 
a fast full state feedback control as in (15). Perfect compen­
sation is assumed in (12), and the feedback matrices in (13) 
are chosen as KP = 2.25 I and KD = 31, corresponding to a 
double pole at - 1 . 5 for the error dynamics at both joints. 
Then, a full state feedback design is carried out to stabilize 
the two fast modes at each link. In the open-loop, the modes 
have zero damping with natural frequencies at 10.3,13.6, 67.4, 
85.3 rad/s. Thus, the above choice for the slow control poles 
preserves the time-scale separation between the slow and the 
fast subsystem which is crucial for the applicability of the 
singular perturbation approach. A standard LQR design is 
undertaken for the nominal configuration of the arm with 
q2 = 0;1 the matrices H2'2,s and H2'i,j in (14b) take on the 
following values: 

Hi-22,s-

3.17x10^ -3.15x10'' -5.30 -2.55 

-4 .60X10 3 7.06 xlO3 4.83x10' 2.33x10' 

- 7 . 1 7 x 1 0 ' 4.47x10' 1.91X102 2.04x10' 

-2 .17X10 3 1.35 XlO3 1.28 x 103 4.54 x 103 

H,', 

-2.27x10' 

-1 .93 xlO2 

- 2 . 0 6 x 1 0 " 

-6 .26 

-3.59X102 ' 

7.46 xlO3 

- 5 . 4 0 x 1 0 ' 

1.07xlO3 . 

ire set The weighting matrices are set to diag 
(0,0,0,0,0.015,0.,0.005,0.0005) and diag (1,1). The resulting 
feedback gain matrices as in (15) are: 

4 .13x l0" 2 - 1 . 9 9 x l 0 " 2 - 9 . 0 6 x l 0 " 2 -4 .25xl0" 2 ~ 

- 4 . 3 8 x 1 0 " ' - 2 . 0 2 x 1 0 " ' 5 .29x10" ' 

- 1 . 1 0 x 1 0 " ' - 5 . 4 2 x l 0 " 3 1.31X10"2 

-3 .85X10" 2 1.15X10"2 -7 .21X10" 2 - 1 . 0 1 x 1 0 " ' 

1.33 

4.05 x lO" 4 

which achieve damping ratios of 0.23, 0.25, 0.22, 0.31 for the 
four modes. 

Next, an output fast feedback design with fourth-order com-

'The arm dynamics does not depend on the first joint variable (DeLuca and 
Siciliano, 1990b) 

74 /Vol . 114,'MARCH 1992 Transactions of the ASME 

Downloaded 16 Jul 2009 to 151.100.59.194. Redistribution subject to ASME license or copyright; see http://www.asme.org/terms/Terms_Use.cfm



i -

! -
? 

Max. Sing. Value(Full State Feedback) 

Max. Sing. Value(Output Feedback) 

Min. Sing. Value(Full State Feedback) 

Min. Sing. Value(Output Feedback) 

y 
Jx. J 

/ ' — • — ' ~ 

-
-

-
-

i 
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Fig. 5(a) Singular value plot of the return difference matrix with the 
loop broken at the input to the plant dynamics of the fast subsystem 

Full State Feedback 

Output Feedback 

Frequency (rad/sec) 

Fig. 5(b) Minimum singular value plot of the return difference matrix 
with the loop broken at the input to the plant dynamics of the fast 
subsystem 

pensation—p = 4 in (17)—is carried out. The above full state 
feedback gain matrices are used to compute Q in (26), while 
p = 1.0 X 10~6. The design results in damping ratios of 0.17, 
0.25, 0.25, 0.26 for the four modes, with the gain matrix in 
(20e) being formed by: 

N = 

3.07 xlO4 1.19X103 1.08X103 1.95 xlO3 

-2.95X103 1.07 xlO3 -1 .67 xlO3 5.89 x 102 

1.05 xlO3 

1.88 xlO4 

-3.87X102 4.50 XlO2 -4.74 xlO2 

-6.83 xlO3 1.07 xlO4 -3 .84 xlO3. 

-9 .28X10 3 -1 .04 xlO3-

9.88 xlO3 1.42 xlO3 

-3 .28 xlO3 -3 .97 xlO2 

L - 6 . 2 6 xlO4 -8 .94 xlO3. 

Figure (5a) illustrates the extent of recovery achieved by the 
output feedback design. Shown is a comparison of the singular 
value plots for the return difference matrix with the loop bro­
ken at the input to the plant dynamics of the fast subsystem. 
An expanded view of the minimum singular value plots of Fig. 
(5a) is shown in Fig. 5(b). For the full state feedback design, 
the minimum singular value over all frequencies is greater than 
or equal to 1.0. This ensures multivariable gain margins of 
- 6 dB in the downward direction and oo in the upward di­
rection. The guaranteed multivariable phase margins are ±60 
deg. The minimum singular value for the fourth order com­
pensator reaches a lower bound of 0.65—0.6 is generally re-

0.0 1.0 
time [3] 

Fig. 6 Time history of joints with slow control 

0.0 1.0 
time [ 3 ] 

Fig. 7 Time history of tip with slow control 

garded as a good design value for practical applications—at a 
frequency of 7.2 rad/s. This corresponds to multivariable gain 
margins of - 4 . 4 dB in the downward direction and 9.2 dB in 
the upward direction. The multivariable phase margins are 
±38 deg. 

In the following, a set of simulation is presented. A joint 
motion is commanded from q^O) = (0 - ir/2) r rad to qrf(7) = 
(0 0) r rad with the velocity profile qai(t) = (ir/2)[l+sin 
(2-wt/T - TT/2)] rad/s, 0<t<T, with T = 4 s. A fifth order 
Runge-Kutta-Merson method has been implemented to inte­
grate the nonlinear differential equations (1) with a sampling 
rate for the controller of l.Ox 10"3 s. 

Three controllers have been applied; the slow control, the 
composite control with full state fast feedback, and the com­
posite control with output fast feedback. 

The results in Figs. 6 and 7 indicate that with the slow 
control, the performance of the arm joints is acceptable while 
that of the tip is not; the j>-component of the tip keeps vibrating 
about the final target position while the ^-component is quite 
unaffected by the imposed motion. This is a direct consequence 
of the fact that the slow controller is unable to positively affect 
the vibratory motion which is greatly determined by the fast 
dynamics of the system. It is worth noticing, also, the typical 
non-minimum phase response of the tip; this is induced by the 
fact that one is attempting to control a non-colocated output 
of the system (arm tip) with a colocated input (joint torques). 
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Fig. 9 Time history of tip with composite full state feedback control 

0 .0 1.0 2 .0 
t ime Es] 

Fig. 11 Time history of tip with composite output feedback control 

With the introduction of the fast control with full state 
feedback, the vibratory motion of the arm tip tends to die out 
(Fig. 9) due to the stabilizing effect of the LQR design. Cor­
respondingly, the joint arm motion is not appreciably modified 
(Fig. 8) with respect to the previous case (Fig. 6) because the 
fast control was purposely made inactive along the trajectories 
of the slow subsystem as well as a good time scale separation 
exists in the present case. 

Finally, the results in Figs. 10 and 11 demonstrate that the 
performance obtained by replacing the full state design with 
the output feedback design is still satisfactory. Therefore, the 
introduction of the output feedback compensator of fourth 
order not only ensures good recovery for the linear fast sub­
system but also does not degrade the performance of the overall 
nonlinear system, compared with the ideal case of full state 
feedback. This result is of great interest for practical imple­
mentation of the proposed two-time scale control strategy. 

the flexible dynamics. The problem of lack of full state meas­
urements has successfully been solved by adopting a fixed-
order dynamic compensator design combined with the loop 
transfer recovery technique. The simulated case study for a 
planar two-link flexible arm has illustrated the effectiveness 
of the formulation and overall design metodology in the case 
when a true time scale separation exists and perfect slow sub­
system model compensation is assumed. 
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Conclusions 
A two-time scale approach has been developed for the con­

trol of multi-link flexible arms. The design of a composite 
control has been presented: This consists of a slow control 
design that can be performed as for the equivalent rigid arm, 
and of a fast control design for a simple linear system describing 

References 
Asada, H., Ma, Z.-D., and Tokumaru, H., 1987, "Inverse Dynamics of 

Flexible Robot Arms for Trajectory Control," Proc. ASME Winter Annual 
Meet., Boston, MA, Vol. 6, pp. 329-336. 

Bayo, E., Movaghar, R., and Medus, M., 1988, "Inverse Dynamics of a 
Single-Link Flexible Robot. Analytical and Experimental Results," Int. J. of 
Robotics and Automation, Vol. 4, pp. 63-75. 

76/Vo l . 114, MARCH 1992 Transactions of the ASME 

Downloaded 16 Jul 2009 to 151.100.59.194. Redistribution subject to ASME license or copyright; see http://www.asme.org/terms/Terms_Use.cfm



Bayo, E., Papadopoulos, P, Stubbe, J., and Serna, M., 1989, "Inverse Dy­
namics and Kinematics of Multi-Link Elastic Robots. An Iterative Frequency 
Domain Approach," Int. J. of Robotics Research, Vol. 8, No. 6, pp. 49-62. 

Barbieri, E., and Ozgiiner, U, 1988, "Unconstrained and Constrained Mode 
Expansions for a Flexible Slewing Link," ASME JOURNAL OF DYNAMIC SYSTEMS, 
MEASUREMENT, AND CONTROL, Vol. 110, pp. 416-421. 

Bellezza, F., Lanari, L., and Ulivi, G., 1990, "Exact Modeling of the Flexible 
Slewing Link," Proc. 1990 IEEE Int. Conf. on Robotics and Automation, 
Cincinnati, OH, pp. 734-739. 

Book, W. J., 1984, "Recursive Lagrangian Dynamics of Flexible Manipulator 
Arms," Int. J. of Robotics Research, Vol. 3, No. 3, pp. 87-101. 

Book, W. J., 1985, "New Concepts in Lightweight Arms," Proc. 2nd Int. 
Symp. of Robotics Research, Kyoto, Japan, pp. 203-205. 

Book, W. J., Dickerson, S. L., Hastings, G., Cetinkunt, S., and Alberts, T., 
1985, "Combined Approaches to Lightweight Arm Utilization," Proc. ASME 
Winter Annual Meet., Miami, FL, pp. 97-107. 

Book, W. J., and Majette, M., 1983, "Controller Design for Flexible, Dis­
tributed Parameter Mechanical Arms Via Combined State Space and Frequency 
Domain Techniques," ASME JOURNAL OF DYNAMIC SYSTEMS, MEASUREMENT, 

AND CONTROL, Vol. 105, pp. 245-254. 
Calise, A. J., and Prasad, J. V. R., 1990, "An Approximate Loop Transfer 

Recovery Method for Designing Fixed-Order Compensators," AIAA J. of Guid­
ance, Control, and Dynamics, Vol. 13, pp. 297-302. 

Calise, A. J., Prasad, J. V. R., and Siciliano, B., 1990, "Design of Optimal 
Output Feedback Compensators in Two-Time Scale Systems," IEEE Trans, on 
Automatic Control, Vol. AC-35, pp. 488-492. 

Cannon, R. H., and Schmitz, E., 1984, "Initial Experiments on the End-
Point Control of a Flexible One-Link Robot," Int. J. of Robotics Research, 
Vol. 3, No. 3, pp. 62-75. 

Cetinkunt, S., and Book, W. J., 1989, "Symbolic Modeling and Dynamic 
Simulation of Robotic Manipulators with Compliant Links and Joints," Ro­
botics & Computer-Integrated Manufacturing, Vol. 5, pp. 301-310. 

Cetinkunt, S., and Book, W. J., 1990, "Performance Limitations of Joint 
Variable-Feedback Controllers Due to Manipulator Structural Flexibility," IEEE 
Trans, on Robotics and Automation, Vol. RA-6, pp. 219-231. 

Chait, Y., Radcliffe, C. J., and MacCluer, C. R., 1988, "Frequency Domain 
Stability Criterion for Vibration Control of the Bernoulli-Euler Beam" ASME 
JOURNAL OF DYNAMIC SYSTEMS, MEASUREMENT, AND CONTROL, Vol. 110, pp. 

303-307. 
Chalhoub, N. G., and Ulsoy, A. G., 1987, "Control of a Flexible Robot 

Arm: Experimental and Theoretical Results," ASME JOURNAL OF DYNAMIC 
SYSTEMS, MEASUREMENT, AND CONTROL, Vol. 109, pp. 299-309. 

Chedmail, P., Glumineau, P., and Bardiaux, J. C , 1987, "Plane Flexible 
Robot Modellisation and Application to the Control of an Elastic Arm," Proc. 
3rd Int. Conf. on Advanced Robotics, Versailles, France, pp. 525-536. 

DeLuca, A., Lucibello, P., and Ulivi, G., "Inversion Techniques for Tra­
jectory Control of Flexible Robot Arms," / . of Robotic Systems, Vol. 6, pp. 
325-344. 

DeLuca, A., and Siciliano, B., 1989, "Trajectory Control of a Non-Linear 
One-Link Flexible Arm," Int. J. of Control, Vol. 50, pp. 1699-1715. 

DeLuca, A., and Siciliano, B., 1990a, "Dynamic Modelling of Multi-Link 
Flexible Robot Arms," IEIP Int. Conf. on Modelling the Innovation, Roma, 
I, pp. 193-200. 

DeLuca, A., and Siciliano, B., 1990b, "Explicit Dynamic Modeling of a 
Planar Two-Link Flexible Manipulator," Proc. 29th IEEE Conf. on Decision 
and Control, Honolulu, HI, pp. 528-530. 

Doyle, J. C , and Stein, G., 1981, "Multivariable Feedback Design: Concepts 
for a Classical/Modern Synthesis," IEEE Trans, on Automatic Control, Vol. 
AC-26, pp. 4-16. 

Everett, L. J., 1988, "An Alternative Algebra for Deriving Equations of 
Motion of Flexible Manipulators," J. of Robotic Systems, Vol. 5, pp. 553-566. 

Fukuda, T., 1985, "Flexibility Control of Elastic Robotic Arms," J. of Ro­
botic Systems, Vol. 2, pp. 73-88. 

Hastings, G. G., and Book, W. J., 1985, "Experiments in Optimal Control 
of a Flexible Arm," Proc. 1985 Amer. Control Conf, Boston, MA, pp. 728-
729. 

Johnson, T. L., and Athans, M., 1970, "On the Design of Optimal Con­
strained Dynamic Compensators for Linear Constant Systems," IEEE Trans, 
on Automatic Control, Vol. AC :15, pp. 658-660. 

Khorrami, F., and Ozgiiner, U, 1988, "Singular Perturbation Analysis of a 
Distributed Parameter Model of Flexible Manipulators," Proc. 1988 Amer. 
Control Conf, Atlanta, GA, pp. 1704-1709. 

Kokotovic, P. V., 1984, "Applications of Singular Perturbation Techniques 
to Control Problems," SI AM Review, Vol. 26, pp. 501-550. 

Korolov, V. V., and Chen, Y. H., 1989, "Controller Design Robust to Fre­
quency Variations in a One-Link Flexible Robot," ASME JOURNAL OF DYNAMIC 
SYSTEMS, MEASUREMENT, AND CONTROL, Vol. I l l , pp. 1-14. 

Kramer, F. S., and Calise, A. J., 1988, "Fixed Order Dynamic Compensation 
for Multivariable Linear Systems," AIAA J. of Guidance, Control, and Dy­
namics, Vol. 11, pp. 80-85. 

Meirovitch, L., 1967, Analytical Methods in Vibrations, New York: Mac-
millan. 

Meldrum, D. R., and Balas, M. J., 1985, "Direct Adaptive Control of a 
Remote Manipulator Arm," Proc. ASME Winter Annual Meet., Miami, FL, 
Vol. 15, pp. 115-119. 

Moerder, D. D., and Calise, A. J., 1985, "Convergence of a Numerical 
Algorithm for Calculating Optimal Output Feedback Gains," IEEE Trans, on 
Automatic Control, Vol. AC-30, pp. 900-903. 

Nicosia, S, Tomei, P., and Tornambe, A., 1989, "Hamiltonian Description 
and Dynamic Control of Flexible Robots," J. of Robotic Systems, Vol. 6, pp. 
345-361. 

Oakley, C. M., and Cannon, R. H., 1988, "Initial Experiments on the Control 
of a Two-Link Manipulator with a Very Flexible Forearm," Proc. 1988 Amer. 
Control Conf, Atlanta, GA, pp. 996-1002. 

Pfeiffer, F., 1989, "A Feedforward Decoupling Concept for the Control of 
Elastic Robots," / . of Robotic Systems, Vol. 6, pp. 407-416. 

Sakawa, Y., Matsuno.F., and Fukushima, S., 1985, "Modeling and Feedback 
Control of a Flexible Arm," J. of Robotic Systems, Vol. 2, pp. 453-472. 

Serna, M. A., and Bayo, E., 1989, "A Simple and Efficient Computational 
Approach for the Forward Dynamics of Elastic Robots,' ' J. of Robotic Systems, 
Vol. 6, pp. 363-382. 

Siciliano, B., and Book, W. J., 1988, "A Singular Perturbation Approach 
to Control of Lightweight Flexible Manipulators," Int. J. of Robotics Research, 
Vol. 7, No. 4, pp. 79-90. 

Siciliano, B., Book, W. J., and De Maria, G., 1986, "An Integral Manifold 
Approach to Control of a One Link Flexible Arm," Proc. 25th IEEE Conf. on 
Decision and Control, Athens, Greece, pp. 1131-1134. 

Siciliano, B., Calise, A. J., and Prasad, J. V. R., 1989, "Two-Time Scale 
Stabilization of a Flexible Arm with Output Feedback," Proc. 1989 Amer. 
Control Conf, Pittsburgh, PA, pp. 2377-2382. 

Siciliano, B., Prasad, J. V. R., and Calise, A. J., 1991, "Design of a Composite 
Controller for a Two-Link Flexible Manipulator," Proc. Int. Symp. on Intel­
ligent Robotics, Bangalore, IND, pp. 126-137. 

Singh, S. N., and Schy, A. A., 1986, "Elastic Robot Control: Nonlinear 
Inversion and Linear Stabilization," IEEE Trans, on Aerospace and Electronic 
Systems, Vol. AES-22, pp. 340-348. 

Sunada, W., and Dubowsky, S., 1983, "On the Dynamic Analysis and Be­
havior of Industrial Robotic Manipulators with Elastic Members," ASME Jour­
nal of Mechanisms, Transmissions, and Automation in Design, Vol. 105, pp. 
42-51. 

Tomei, P., and Tornambe, A., 1988, "Approximate Modeling of Robots 
Having Elastic Links," IEEE Trans, on Systems, Man, and Cybernetics, Vol. 
SMC-18, pp. 831-840. 

Usoro, P. B., Nadira, R., andMahil, S. S., 1986, "AFiniteElement/Lagrange 
Approach to Modeling Lightweight Flexible Manipulators," ASME JOURNAL 
OF DYNAMIC SYSTEMS, MEASUREMENT, AND CONTROL, Vol. 108, pp. 198-205. 

Wang, D., and Vidyasagar, M., 1989, "Transfer Function for a Single Flexible 
Link," Proc. 1989 IEEE Int. Conf. on Robotics and Automation, Scottsdale, 
AZ, pp. 1042-1047. 

Yuan, B.-S., and Book, W. J., 1987, "A Robust Scheme for Direct Adaptive 
Control of Flexible Arms," Proc. ASME Winter Annual Meet., Boston, MA, 
Vol. 6, pp. 261-269. 

Yuan, B.-S., Book, W. J., and Siciliano, B., 1989, "Direct Adaptive Control 
of a One-Link Flexible Arm with Tracking," J. of Robotics Systems, Vol. 6, 
pp. 663-680. 

Yurkovich, S., Pacheco, F. E., and Tzes, A. P., 1989, "On-Line Frequency 
Domain Information for Control of a Flexible-Link Robot with Varying Pay-
load," IEEE Trans, on Automatic Control, Vol. AC-34, pp. 1300-1304. 

Journal of Dynamic Systems, Measurement, and Control MARCH 1992, Vol. 114/77 

Downloaded 16 Jul 2009 to 151.100.59.194. Redistribution subject to ASME license or copyright; see http://www.asme.org/terms/Terms_Use.cfm




